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Determining Equi-Biaxial
Residual Stress and Mechanical
Properties From the
Force-Displacement Curves of
Conical Microindentation
An alternative, improved method to determine mechanical properties from indentation
testing is presented. This method can determine the elastic modulus, yield strength and
equi-biaxial residual stress from one simple test. Furthermore, the technique does not
require the knowledge of the contact area during indentation, a parameter that is hard to
determine for highly elastic material. The evaluation technique is based on ﬁnite element
analyses, where explicit formulations are established to correlate the parameter groups
governing indentation on stressed specimens.
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1

Introduction

Microindentation has evolved as a popular technique to mea
sure elastic-plastic material properties [1]. In order to extract these
properties, the relationship between the indentation force, P, and
indentation depth, o, during loading and unloading (Fig. 1) is
measured during the experiment. In addition, the projected contact
area, i.e., the projected contact area between the indenter and the
substrate during maximum load, is a parameter needed when
evaluating the indentation test. However, this area is hard to mea
sure. Thus, we will here present an alternative method to evaluate
an indentation test, without the need of the contact area at maxi
mum indentation load.
In evaluating the results, the indenter is usually assumed as a
rigid cone. Here we will assume that the cone has a half apex
angle a = 70.3° (equivalent to the Berkovich indenter). In the ab
sence of residual stress, the classic indentation theory relates the
hardness, H, and contact stiffness, S, with yield strength, uy, and
Young’s modulus, E, for a homogeneous, isotropic bulk material
as:
H = P/(7a2) = cuy

(1a)

S = 2yaE/(1 − v2)

(1b)

and

Here, S is the slope of the initial portion of the elastic unloading
curve, c is a constraint factor that increases with E / uy, y = 1.08 is
a correction factor for conical indenter, and v is Poisson’s ratio of
the homogeneous, isotropic specimen [2,3]. Finally, a is the pro
jected contact radius measured at maximum penetration as indi
cated in Fig. 1. A common approximation used for determining a
is the expression for the contact area, A, for a geometrically per
fect conical indenter [1]:
A = 7a2 = 24.5o2c

(2a)

where contact depth, oc, can be determined by [1]
1

Corresponding author.
Contributed by the Materials Division of ASME for publication in the JOURNAL OF
ENGINEERING MATERIALS AND TECHNOLOGY. Manuscript received April 5, 2006; ﬁnal
manuscript received June 19, 2006. Review conducted by Assimina Pelegri.

oc = omax −

Pmax
,
S

(2b)

with = 0.75 for a Berkovich indenter [1] and omax being the
maximum indentation depth (Fig. 1). When the indentation depth
is sufﬁciently large, such that the strain gradient effect may be
ignored, both hardness and stiffness are independent of the inden
tation depth.
It is clear from Eqs. (1) and (2) that both hardness and contact
stiffness critically depend on the accuracy of the contact radius a,
which is closely related with the plastic pile-up (or elastic sinkin), o p, when uy / E is small (or large) (cf. Fig. 1). It is extremely
hard to accurately determine the projected contact radius2 [4].
Several authors (e.g., [1,5,6]) have also pointed out that, even
though commonly used, the approximation of the contact radius in
Eq. (2) may not be suitable for a range of cases.
We have previously showed that the effect of an equi-biaxial
residual stress, ures, has a signiﬁcant inﬂuence on the measured
values during indentation testing [4]. For example, we showed
that with increasing (more tensile) residual stress the plastic zone
gets larger, leading to an apparent lower hardness, whereas with
decreasing (more compressive) residual stress the pile-up is en
hanced and the plastic zone shrinks, leading to apparent increasing
hardness. Therefore, both hardness, H, and stiffness, S, are sensi
tive to the magnitude and the size of the residual stress. Equations
(1) and (2) do not consider residual stresses in the tested material.
With residual stresses being a critical parameter governing me
chanical reliability, several efforts have been made to extend these
basic equations to allow indentation tests to reveal residual
stresses in addition to the basic elastic-plastic properties [4,6–14].
Some of these techniques require testing on a stress-free specimen
as a reference, whereas others rely on accurate measurement of
either the contact area or the plastic pile-up. These additional mea
surements are not practical—and may not even be possible—in
many cases, making instrumented indentation unnecessarily com
plicated or even impossible to perform.
2
It is not practical to measure a at maximum load. The elastic recovery upon
unloading can be signiﬁcant for materials with large uy / E, and the elastic recovery
also increases with increasing residual compression [4]. Therefore, measuring the
contact radius after unloading (e.g., through a surface scan) may lead to substantial
errors.
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(6)

This integral contains critical information about the curvature of
the loading curve (P − o-curve, Fig. 1(b)) and it integrates the
important dependence on pile-up, yet without the need to measure
the pile-up.
Similarly, the curvature of unloading may be represented by the
elastic work, Wu, recovered during unloading:
omax

P do
Wu
Fig. 1 Schematic of instrumented indentation with a sharp in
dentation: „a… indentation on a homogeneous, isotropic semiinﬁnite substrate; „b… typical force-displacement curves ob
tained from an indentation experiment; and „c… conical
indentation on a specimen with equi-biaxial in-plane residual
stress

Assuming linear-elastic, perfectly plastic material with a re
sidual stress, there are three unknown parameters that need to be
determined: the elastic modulus E, the yield strength uy, and the
residual stress ures. In order to measure all three unknown param
eters from one indentation test, one more independent equation is
needed in addition to Eqs. (1a) and (1b). This additional equation
could be the variation of pile-up with residual stress and elasticplastic properties. However, since the contact radius a is difﬁcult
to measure accurately in experiments, it is more desirable to de
velop new formulations based on the indentation depth o instead
of a. This paper will present an alternative method, eliminating
the use of the contact radius, when evaluating the unknown ma
terial properties (E , uy , ures) from only the force-displacement
curve of a conical indentation test.

2

Model

This work focuses on microindentation on a linear-elastic, per
fectly plastic bulk material with equi-biaxial residual stress. The
results are applicable to coating/substrate systems, as long as the
substrate effect is small, that is, when the coating is softer than the
substrate and the indentation depth is less than 50% of the coating
thickness [15]. The equi-biaxial residual stress in coatings is most
commonly generated by thermal expansion mismatch and is criti
cal to system integrity. A schematic of the axisymmetric model
used is shown in Fig. 1(c). By ignoring the minor effects from
Poisson’s ratio and friction [16], dimensional analysis leads to:

[

P
ures uy
,
2 = uy f
7a
uy E

o p = og
S
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]

(5)

¯ = E / (1 − v2). The normalized
where a = (o p + o) tan a (Fig. 1) and E
indentation work during loading, Wl, is

of

3
omax

3
omax

= uyn
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ures uy
,
uy E

]

(7)

By varying ures / uy and uy / E in a wide range, the dimension
less functions contact stiffness, , work of indentation, I, and
unload work, n, can be determined from extensive ﬁnite element
analysis. The left sides of (5)–(7) may be readily determined from
an indentation experiment and do not require the measurement of
either contact radius or pile-up. Finally, by using the three gov
erning equations (5)–(7), the elastic-plastic properties and residual
stress may be solved concurrently from reverse analysis. This
methodology will be described in the following sections.

3

Numerical Results

Finite element calculations were performed using the commer
cial code ABAQUS [17]. The rigid contact surface option was
used to simulate the rigid indenter and the option for ﬁnite defor
mation and strain was employed. A typical mesh for the axisym
metric indentation model comprises more than 5000 eight-node
elements with reduced integration and is shown in Fig. 2, for
maximum indentation depth. The dimension of the mesh is 4 by
4 mm2. The indentation depth is 25 ,m. In Fig. 2, the boundary
conditions are noted, with the symmetric axis on the left side. The
bottom is ﬁxed in the y-direction and right boundary is ﬁxed in the
x-direction. Coulomb’s friction law is used between the contact
surfaces, with the friction coefﬁcient 0.1 (almost frictionless) [18].
Friction between the contact surfaces is a minor factor for inden
tation [16,19] as long as this value is relatively small. This has
been veriﬁed by our FEM analyses (not shown for brevity). Ex
tensive studies on the friction effect for conical indentation have
also been carried out (e.g., Bucaille et al. [20] and Wang et al.
[21], who found similar results). The equi-biaxial in-plane re
sidual stress is applied to the specimen by means of thermal ex
pansion, followed by conical indentation on the free surface. To
obtain the numerical values of , I, and n, the variables E / uy
and ures / uy are varied from 10 to 1000 and −1 to 1, respectively,
to cover most combinations of mechanical properties and residual
stress encountered in engineering materials.
The ﬁnite element results along with the functional forms of ,
I, and n are summarized in Figs. 3(a)–3(c), respectively. With
increasing Young’s modulus, more work (larger force) is needed
to indent the specimen to the same depth, which causes the nor
malized indentation work I to increase with E / uy, Fig. 3(b). In
addition, residual tension intends to facilitate the penetration by
reducing the pile-up, thus decrease the indentation work, I, (Fig.
3(b)). When E / uy is small the material behaves more elastically,
allowing for more elastic work, n, to be recovered during unload
ing (Fig. 3(c)). The normalized contact stiffness (Fig. 3(a)) is
sensitive to both E / uy and ures / uy, and increases with the elastic

3(d)–3(f). Even though some local regions exhibit signiﬁcant er
rors (up to 20% for the normalized unloading work), the major
part of the investigated parameter space exhibits less than 2%
error. The ﬁtting could be improved further by dividing the pa
rameter space into several regions, for example develop one set of
ﬁtting functions for E / uY < 500 and another for E / uY > 500.
By minimizing the total square error of Eqs. (5)–(7), the three
unknowns (E , uy , ures) may be solved from reverse analysis
through numerical iterations, illustrated with a ﬂow chart in Fig.
4. The root-searching algorithm is based on the “golden section
search” and “parabolic interpolation.” Based on the results ob
tained from the last numerical step, the search boundary is up
dated automatically to give faster convergence. Thus, using this
method, one starts with an estimated (guessed) value and lets the
algorithm illustrated in Fig. 4 ﬁnd the converged answer.

Fig. 2 Example of the axisymmetric mesh, including boundary
conditions. The indenter is shown for maximum indentation
depth.

modulus of the specimen. Altogether, the results shown in Figs.
3(a)–3(c) map the dimensionless space of indentation parameters,
deﬁning the problem.

4

Reverse Analysis

Based on the functions obtained from the FE simulations de
scribed above, the proposed method utilizes a reverse analysis to
determine elastic-plastic properties and residual stresses from one
indentation test. In this section, we will introduce the reverse
analysis and ﬁnish with a comparison with experimental data to
verify the proposed method.
4.1 Approximate Functional Form of ', I, and n. Over
the range of materials parameters studied in this paper
(E , uy , ures), the functional, normalized forms of the indentation
parameters (S, Wu, and Wl) were obtained from the FE simula
tions, presented in the previous section. These functions , I,
and n can be ﬁtted into the following function:
3
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where the function < represents one of the three functions ( , I,
ures / uy. The coefﬁcients ai(i
and n), with T E / uy and
= 1 – 20) are listed in Table 1. The ﬁtted functions, <, are super
imposed with the functions surfaces obtained from the ﬁnite ele
ment analysis ( , I, and n) and displayed in Figs. 3(a)–3(c). The
errors between the ﬁtted function compared to the data obtained
from the ﬁnite element simulations are displayed in Figs.

4.2 Numerical Examples of Reverse Analysis. In order to
examine the (theoretical) accuracy of reverse analysis, several nu
merical experiments of indentation are performed, with E / uY and
ures / uy varying in a large range.3 The input material parameters
used in the FE simulations are shown as black squares in Fig. 5.
For each virtual experiment, the contact stiffness, the work of
indentation, and the unload work are determined from the ﬁnite
element analysis. These numbers are then fed into the reverse
analysis (see the ﬂow chart in Fig. 4) to predict E / uY and ures / uy.
The results obtained from the reverse analysis are plotted as open
circles in Fig. 5. Good agreements between the original input data
and reverse analysis are found for all examined combinations of
residual stress and material parameters investigated, in particular
for values E / uY < 600. In all cases the normalized residual stress,
ures / uy, is determined with relatively high accuracy. The error for
materials with E / uY > 600 derives from the approximate ﬁtting
function and that all three functions , I, and n are relatively ﬂat
for E / uY > 600 (Fig. 3). Thus, the accuracy could be improved by
adding more coefﬁcients to Eq. (8) or dividing the input material
space (uy / E , ures / uy) used for functional ﬁtting into different
zones, so as to capture the functional form with higher precision.
Alternatively, the current form can be used to establish an ap
proximate value of E / uY followed by matching ﬁnite element
simulations to achieve a more accurate value of E / uY .
4.3 Sensitivity Analysis. Before using the method for real
indentation tests, we will investigate the (theoretical) sensitivity of
the method. In the reverse analysis discussed in Sec. 4.2 and il
lustrated in Fig. 5, the indentation parameters (S, Wl, and Wu)
were obtained from virtual experiments. In this case, the accuracy
of the results depends on how well the ﬁtting surfaces capture the
true values, obtained from the extensive FEA presented in Sec. 3.
During physical experiments, there are potentially many sources
of errors, resulting in measurement errors, particular for the con
tact stiffness. Thus, we will investigate the sensitivity of our
method for errors in the measured parameters such as the inden
tation force and depth. To this end, we will conduct an error
sensitivity analysis, where we perturb the values obtained from
the virtual experiments and conduct a reverse analysis.
First, the contact stiffness, S, is given a small error while the
other two parameters (Wl and Wu) are kept at the values obtained
from the virtual experiments. Based on this perturbed set of pa
rameters { S error, Wl true, and Wu true}, a reverse analysis is con
ducted to obtain the materials parameters. Three magnitudes of
errors are investigated {±2 % , ± 5 % , ± 10% , } and the results are
summarized in Fig. 6(a). In Fig. 6(a), the original input and the
reverse analysis from Fig. 5 are repeated. Superimposed on these
are the six errors assumed on the contact stiffness. We note that
the proposed method will strive to capture the circles, which are
the point on the ﬁtted surface (Figs. 3(a)–3(c)). The method is
quite insensitive for an input error for E / uY < 400, where the
3

Note that none of these parametric combinations were used in generating Fig. 2.

Fig. 3 The dimensionless functional forms based on the ﬁnite element simulations „a… contact
stiffness, ', „b… work of indentation, I, and „c… unload work, n; the error between ﬁtting
functions and the functional forms „d… contact stiffness, ', „e… work of indentation, I, and „f…
unload work, n. The error is determined by „fitted− FEresults… / FEresults

obtained material properties for the various assumed errors over
lap. For larger E / uY , an increased sensitivity of input errors was
observed, but the method tends to capture ures / uY well.
Next, the indentation work, Wl, is given a small error with the
other two parameters (S and Wu) are kept at the values obtained
from the virtual experiments. Similarly to the analysis described
above, the perturbed set { S true, Wl error, and Wu true} is used for
the reverse analyses. In this case, the errors tend to be somewhat
larger than when the contact stiffness was perturbed (Fig. 6(b)
compared to Fig. 6(a)). We also note that in a practical experi
ment, the error of indentation work is likely to be smaller than that
of contact stiffness, and a 10% perturbation of indentation work is
unlikely to occur.
4.4 Comparison With Experiments. The error sensitivity
analyses described in this subsection are based on idealized nu
merical simulations, including a sharp conical indenter on a semiinﬁnite linear-elastic, perfectly plastic material specimen. In real

experiments, these idealizations will be compromised, with fac
tors such as ﬁnite radius of the indentation tip, strain hardening,
and ﬁnite size of the specimen. Therefore, care must be taken
when using our proposed technique, to ensure the validity of the
evaluations.
Experimental work is currently underway in our laboratory to
verify the technique when a residual stress is present and will be
reported shortly. Unfortunately, it is difﬁcult to compare the
present analyses with data available in the literature since the
improved method requires the knowledge of force-displacement
curves for both loading and unloading. Moreover, the proposed
technique is speciﬁed for conical (Berkovich) indentation on
linear-elastic, perfectly plastic bulk material (or thick coating)
with equi-biaxial residual stress.4 In the literature, either the data
4
Extending the proposed method to any other shape of the indenter is straightfor
ward, but omitted for brevity.

Table 1

Parameters of three ﬁtting functional forms
Normalized
contact stiffness

Parameters

Normalized
work of indentation
I

Normalized
unload work
n

a1
a2
a3
a4
a5
a6
a7
a8
a9
a10
a11
a12
a13
a14
a15
a16
a17
a18
a19
a20

−3.7438
−0.0771
1.7110X 10−5
2.9685
0.4208
8.9619
0.0507
−1.9059X 10−5
0.0963
−4.6897
−8.1284
0.0270
−2.0045X 10−6
−2.7352
6.8229
5.9693
−0.0691
1.6320X 10−5
4.5106
−9.5823

1.6418
0.0057
−1.4509X 10−6
−0.6657
2.2608
5.6491
−0.0012
−1.3118X 10−6
0.9074
−3.2432
0.6823
−0.0102
3.1619X 10−6
0.6009
−1.2696
−1.3395
−0.00743
2.3459X 10−6
0.2624
−0.1691

−2.6038
0.0418
−7.5492X 10−6
−3.4646
7.8719
7.6999
−0.0614
1.1208X 10−5
5.0438
−11.7033
−8.7370
0.0437
−8.6205X 10−6
−3.5899
8.7139
1.1623
−0.0152
4.0449X 10−6
0.9069
−1.8675

are, for our purpose, incomplete, e.g., [7,9], or a spherical indenter
is used [10]. In other experiments, the strain hardening/strain gra
dient effect is signiﬁcant for metal specimens [11,12], involves
non-negligible substrate effect for indentation on thin ﬁlms [22],

Fig. 5 Comparison between the material properties predicted
from reverse analysis and the input parameters used in numeri
cal indentation experiments for imaginary materials

or only uniaxial residual stress is present [14,23].
There are, however, limited complete data available in the lit
erature pertaining to indentation testing of structures without re
sidual stresses. Thus, we can use these tests to verify our proposed
method for a subset of the parametric space the method is devel
oped for. With these restrictions, we will use data from the instru
mented indentation results reported in two papers for a range of
materials. From Pelletier and Krier [24] we will use four materi
als: 99.7% nickel, 99.6% titanium, 316L stainless steel (70 wt.%
Fe, 18% Cr, 11% Ni, 1% Mo), and TAFe titanium alloy (4.5 wt.%
Al, 2.5% Fe, balance Ti). In their experiments, a Berkovich dia
mond tip was used. Prior to indentation, the samples were well
polished with a mean surface roughness of 30 nm. From
Schwarzer and Pharr [25], we will use the indentation curve from
a Berkowich indentation with the maximum load of 50 mN into
fused silica. Young’s modulus and the yield strength for each ma
terial are presented in Table 2. These properties are based on data
the authors in the two papers use as reference data. The material
data are published data from unrelated sources and not based on
their indentation test.
Based on the force-displacement curves from the indentation
testing presented in the relevant literature [24,25], we used our
methodology to determine Young’s modulus and yield strength
(Table 2). The errors between the “true” values and the values
obtain from our algorithm are determined based on
Error =

Fig. 4

Schematic of the process ﬂow of reverse analysis

True-Calculated
True

(9)

where True corresponds to the reported values and Calculated
corresponds to the value obtained by the method proposed in our
paper, for Young’s modulus and yield strength. These values are
listed in Table 2.
The values obtained from the proposed method give small er
rors for nickel, iron, and fused silica: the error is less than 2% for
the yield strength. However, the other three materials exhibit sig
niﬁcant strain hardening (denoted by ET in Table 2), thus stretch
ing the validity of our model.
In addition, we have compared our method with the commonly
used evaluation technique presented in Eqs. (1) and (2). From
Table 2 it is evident that the proposed method gives signiﬁcantly
better results than the traditional method for the majority of the
cases. Thus, for materials with constitutive equations approaching
linear-elastic, perfectly plastic response, our method gives better
estimates than conventional methods that use the contact area as

input. For materials with signiﬁcant hardening behavior, the pro
posed method may lead to error and we are developing a new
method to account for the work hardening effect, which has been
submitted elsewhere [26]. One of the main error sources of the
“Oliver-Pharr method” [1] is due to the error of contact area cal
culated from Eq. (2), which cannot account for the plastic pile-up.
However, in our method, the measurement of contact area is not
needed, which clearly demonstrates the advantage of the alterna
tive technique presented in this paper.
Thus, we believe that the proposed method will be a useful
method for real experimental investigations, since the proposed
method will not rely on the contact area. However, in order to
increase the accuracy of the results obtained, it is advisable to
conducting verifying ﬁnite element simulations, in particular for
materials with E / uY > 600.

5

Conclusion

An alternative method is proposed to measure the equi-biaxial
residual stress and elastic-plastic properties of bulk materials or
thick coatings by using conical microindentation. This method
does not require measurement of a contact radius (contact area)
and does not require a reference stress-free material. The dimen
sionless functional forms are established based on the contact
stiffness, normalized indentation work, and work recovered during
unloading. Using reverse analysis, we show that this method can
be used to quickly and effectively determine the residual stress
levels in a specimen.
To verify the model, published results for instrumented inden
tation tests are used. Complete results for materials subjecting to
biaxial stresses could not be found. However, a limited set of
complete data for stress free bulk materials was found and used
for comparison. Using the data from the published forcedisplacement curves, we ﬁnd excellent agreement from our pro
posed method to the published (reference) properties.
Thus, we believe that our proposed method of evaluating in
strumented indentation testing of materials subjected to a biaxial
residual stress will be a useful alternative method to evaluate an
indentation test, without the requirement of determining the con
tact area during maximum indentation load.
Fig. 6 Error sensitivity analysis with 2%, 5%, and 10% error „a…
in contact stiffness and „b… in indentation work: the reverse
analysis is compared with input parameter from FE-simulations
„squares… and the unperturbed analysis „circles…

Table 2

Material
Bulk Ni
[20]
Bulk Fe
[20]
Bulk Ti
[20]
Bulk TAFe
[20]
Bulk A316L
[20]
Fused silica
[21]
a

Work-hardening
rate
(GPa)a

The work of JY and AMK is supported by NSF Grant No.
DMR-0346664 and ONR Grant No. N00014-04-1-0498. The

Comparing results from the proposed method

Reference values
Young’s
modulus
(GPa)

Acknowledgment

Calculated values
Yield
strength
(MPa)

Traditional approachb

Error

Young’s
modulus
(GPa)

Yield
strength
(MPa)

Young’s
modulus
(%)

Yield
strength
(%)

Young’s
modulus
(GPa)

Error
(%)

240

19

530

225.4

536.7

6.25

1.32

299.0

24.4

215

26

200

197.65

202.7

7.90

1.50

272.0

26.6

130

36

600

113.2

666.15

13.0

149.0

14.6

110

44

795

124.7

754.8

13.6

5.03

156

41.6

210

31.5

195

173.53

204.13

17.6

4.62

203

3.45

72

¯

7050

69.3

6930

3.75

11.0

1.70

85.7

19.0

In [20] the work hardening rate, ET, was used as a measure of work hardening, deﬁned according to the following: The stress-strain curve is deﬁned by a continuous curve,
divided into two linear regions and connected to a stress value corresponding to the yield strength. For lower stresses, the curve describes the elastic behavior with the slope
being Young’s modulus, E. For higher stresses, above the yield strength, the line describes the nonelastic response. The slope of this curve is referred to as work-hardening
rate the value of which is given in the table.
b
Using the classical method according to Eqs. (1) and (2)

work of XC is supported in part by NSF Grant No. CMS
0407743.
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